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Motivation

IDEMPOTENTS, TRACES, AND DIMENSIONS IN HECKE CATEGORIES

BEN ELIAS, LIAM ROGEL AND DANIEL TUBBENHAUER

Abstract. We explain how to compute idempotents that correspond to the indecomposable objects in the
Hecke category. Closed formulas are provided for some common coefficients that appear in these idempotents.
We also explain how to compute categorical dimensions in the asymptotic Hecke category. In many cases,
we reduce this to a computation of a partial trace and give recursive formulas for some common partial
traces. In the sequel, we apply this technology and perform additional (computer) calculations to complete
the description of the asymptotic Hecke category for finite Coxeter groups in all but three cells.

1. Introduction

The primary accomplishment of this paper is to develop the theory of idempotents and partial traces in
Hecke categories, and to explain common situations when such computations have closed formulas or can be
found by a simple recursive algorithm. This is a topic of its own intrinsic merit, see Section 1E, but our original
motivation was to compute categorical dimensions in asymptotic Hecke categories, and this is where we begin
the introduction. In the sequel [ERT25b] we use these techniques and additional computer calculations to
describe the asymptotic Hecke category for most of the cells which were not yet known (all of which are in
types H3 and H4).

1A. Asymptotic Hecke algebras and categories. Let W be a Coxeter group. Kazhdan and Lusztig
[KL79] introduced the study of cell theory, which can be concisely defined as follows. Associated to W is its
Hecke algebra, a Z[v, v−1]-algebra which deforms the group algebra Z[W ], with a distinguished basis {bw}w∈W

now called the Kazhdan–Lusztig basis. Cell theory studies based ideals, ideals which are spanned by
subsets of the basis. We say that x ≤LR y if every based two-sided ideal containing by also contains bx. One
defines ≤R and ≤L similarly, using right or left ideals. The equivalence classes under ≤LR are two-sided cells,
and similarly for right cells and left cells using ≤R and ≤L. The Hecke algebra has a natural filtration by
based two-sided ideals, indexed by the set of two-sided cells.

A motivation for studying based ideals and cells comes from categorification. If an algebra A is categorified
by a monoidal additive Krull–Schmidt category, the indecomposable objects descend to a basis for A, and the
tensor ideals descend to based ideals in A. The Hecke algebra is famously categorified by the Hecke category,
which arises in many different guises (e.g. perverse sheaves on flag varieties, translation functors acting on
category O, Soergel bimodules, diagrammatic algebra) and is ubiquitous in representation theory.

The Hecke category is graded, with grading shift categorifying multiplication by the parameter v. (We
work throughout with the R-linear version of the Hecke category.) In the associated graded algebra (for the
two-sided cell filtration), the structure coefficients in each two-sided cell J are Laurent polynomials with
exponents between v−a(J ) and v+a(J ), where a(J ) is Lusztig’s a-function. We can renormalize the basis by
v−a(J ) so that structure coefficients live in Z[v−1], and then specialize v−1 7→ 0. The result is the asymptotic
Hecke algebra or J-ring AJ associated to this two-sided cell, an associative unital Z-algebra which Lusztig
proves is semisimple after specialization to any field; see e.g. [Lus87a]. One of the advantages of AJ is that
it is usually much simpler than the Hecke algebra, yet one can classify the simple representations of the Hecke
algebra in terms of simple representations of various AJ , see e.g. [Lus87b].

There are also categorifications of the asymptotic Hecke algebras AJ by semisimple monoidal categories
AJ , the asymptotic Hecke categories. They were first constructed for Weyl groups using perverse sheaves
in [Lus97]. After the Soergel conjecture was proven in [EW14], the same constructions were ported to Soergel
bimodules and adapted to arbitrary Coxeter groups [Lus03, Section 18.15] (this material can be found in the
updated version of [Lus03] on the arXiv, but not in the published version of the book). In [EW21] it was
proven that the asymptotic Hecke categories are pivotal, hence are fusion categories.

The intersection of a left cell and a right cell (in the same two-sided cell) is often called an H-cell. These
are typically neither left nor right nor two-sided cells. There is a bijection between left and right cells induced
by taking inverses, called adjunction. (In the literature, adjunction is often called duality, though we reserve
the name “duality” for something else.) Of particular note is the H-cell given by the intersection of a left cell
and its adjoint right cell, which is called a diagonal (H-)cell. Associated to a diagonal cell H ⊂ J we have
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Diagrammatic Hecke Category
f

= =



Soergel bimodules

Fix a Coxeter system (W ,S).

Definition (Geometric representation)

> Let V =
⊕

s∈S Rαs be with with bilinear form (αs , αt) = − cos(π/ms,t).

> Define the action s.λ := λ− 2(λ, αs)αs and the Demazure operator ∂s(λ) :=
λ−s.λ

αs
.

> Consider R := Sym(V ) as a polynomial ring R = R[αs | s ∈ S ] with grading deg(αs) = 2.

Category of Soergel bimodules

1. Basic bimodules: For each s ∈ S , define Bs = R ⊗Rs R(1) where R s are the s-invariant polynomials.

2. Bott–Samelson bimodules: For w = s1 · · · sk , define BS(w) = Bs1 ⊗R · · · ⊗R Bsk .

3. Soergel bimodules: These are direct summands of finite direct sums of grading shifts of
Bott–Samelson bimodules.

4. Category SBim: Objects are Soergel bimodules, morphisms are graded bimodule homomorphisms.
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Diagrammatics

Definition (The diagrammatic Category of Bott–Samelson bimodules HBS)

> Objects: Sequences of colorful dots on a line. s 7→ , t 7→ , . . ..

> Generating morphisms: (R,R)-linearly generated by

f , , , , , ,

> Relations: Multiplication, Keyhole, Barbell, Fusion, Frobenius unit/associativity:

f g = fg , f = ∂s(f) , = αs , = 1
2


 αs + αs


 ,

= , = .

> And many more 2-color and 3-color relations.
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The diagrammatic Hecke category

Theorem (The categories HBS and SBim are equivalent)
On objects: 7→ Bs and multiple dots to tensor products.
On morphisms:

f 7→
(
R → R(deg(f )), 1 7→ f

)
;

7→
(
R → Bs(1), 1 7→

1
2
(1 ⊗ αs + αs ⊗ 1)

)
;

7→
(
Bs → Bs ⊗ Bs(−1), f ⊗ g 7→ f ⊗ 1 ⊗ g

)
;

7→
(
Bs → R(1), f ⊗ g 7→ fg

)
;

7→
(
Bs ⊗ Bs → Bs(−1), 1 ⊗ g ⊗ 1 7→ ∂s(g)⊗ 1

)
;

7→ image of Bst... in BS(ts . . .).

The Karoubian envelope H := Kar(HBS) is the idempotent completion of HBS .
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Computing idempotents

∑
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Direct sums

Definition
Let X be an object in an additive category. A direct sum X ≃ M ⊕ N is the data of
morphisms

ιM : M → X , pM : X → M, ιN : N → X , pN : X → N,

which satisfy

idX = ιMpM + ιNpN , pMιN = 0, pNιM = 0, idN = pNιN , idM = pMιM .

Example
We have BS(ss) ≃ Bs(−1)⊕ Bs(+1) via:

= =

αs

2

+
αs

2

, since: (
αs
2

)i =

{
0, if i ∈ {0, 2},
idBs , if i = 1.
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Dihedral idempotents

Let s, t be reflection with ms,t > 2, set [2] = −∂s(αt) = ∂t(αs).
Then Bs ⊗ Bt ⊗ Bs ≃ Bsts ⊕ Bs can be seen diagrammatically as

= e − 1
[2]

· ,

where e is the orthogonal idempotent projection to Bsts since:

Barbell
= αt

Keyhole
= −[2] · ,

e
= 0. (1)

6/23 Norwich, January 13, 2026 Liam Rogel, RPTU Idempotents and dimensions in the asymptotic Hecke category



Clasp idempotents

Definition
We call X ∈ H a w -object if it is self-dual and X ≃ Bw ⊕

⊕
y<w B

⊕ny
y for ny ∈ N[v±1].

An element e ∈ End0(X ) is a clasp idempotent if:

1. Identity coefficient:

e = idX +
∑

.

2. Annihilation property: For deg(f ) + deg(g) = 0

g

f

e

= 0.

Theorem
If a clasp idempotent e ∈ End0(X ) exists, then it is unique and satisfies:

Idempotency:
e

e
= e , Pre-annihilation:

e

g

f = 0, flip-invariance: e = e
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Idempotent computation

Construction
Let w = (i1, . . . , in) be a reduced expression for w and assume that an idempotent en for
w has been constructed. Let in+1 be such that (w , in+1) is also reduced, we compute an
idempotent en+1:
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Idempotent computation

Construction
Let w = (i1, . . . , in) be a reduced expression for w and assume that an idempotent en for
w has been constructed. Let in+1 be such that (w , in+1) is also reduced, we compute an
idempotent en+1:
1. Compute the tensor product:

Bw ⊗ Bin+1 ≃
⊕

x∈N(w)

Bkx
x .

We assume here kx = 1.
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Idempotent computation

Construction
Let w = (i1, . . . , in) be a reduced expression for w and assume that an idempotent en for
w has been constructed. Let in+1 be such that (w , in+1) is also reduced, we compute an
idempotent en+1:
2. For each x ∈ N(w), find projection and inclusion:

pxw ,in+1
=

x

w
, ιxw ,in+1

=
x

w
.
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Idempotent computation

Construction
Let w = (i1, . . . , in) be a reduced expression for w and assume that an idempotent en for
w has been constructed. Let in+1 be such that (w , in+1) is also reduced, we compute an
idempotent en+1:
3. For each x compute the scalars κx ,n+1 such that:

pxw ,in+1
◦ ιxw ,in+1

=

x

w

x

w = κx ,n+1 · x

Note that κ(w ,in+1),n+1 = 1.
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Idempotent computation

Construction
Let w = (i1, . . . , in) be a reduced expression for w and assume that an idempotent en for
w has been constructed. Let in+1 be such that (w , in+1) is also reduced, we compute an
idempotent en+1:
4. Define en+1 recursively as:

en+1 := en −
∑

x∈N(w)\{(w ,in+1)}

κ−1
x ,n+1 · x

w

x

w
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Idempotents in type Fn

As a short hand, we write i instead of si . Consider the element x = (2, 4, 5, 3, 2, 4). In the
branching graph we visualize the decomposition of Bxm ⊗ Bim+1 :

Γ(243524) = ∅ 2 24 245 2453 24532 245324

The idempotens have the form:

2 = , 24 = 2 , 245 = 24 , 2453 = 245 ,

24532 = 2453 +
1

[2]4
·

2453

2453
, 245324 = 24532 .
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Idempotents in type H3

Let d = 232 and x = d123. The branching graph is:

Γ(d123) = ∅ 2 23 d d1 d12 d123

The idempotents are:

d12 = d1 + 1
[2]5

·

d1

d

d1

,
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Idempotents in type H3

Let d = 232 and x = d123. The branching graph is:

Γ(d123) = ∅ 2 23 d d1 d12 d123

The idempotents are:

d12 = d1 + 1
[2]5

·
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Idempotents in type H3

Let d = 232 and x = d123. The branching graph is:

Γ(d123) = ∅ 2 23 d d1 d12 d123

The idempotents are:

d12 = d1 + 1
[2]5

·

d1

d

d1

, d123 = d12 −

23212

2321

23212
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Idempotents in type H3

Let d = 232 and x = d123. The branching graph is:

Γ(d123) = ∅ 2 23 d d1 d12 d123

The idempotents are:

d12 = d1 + 1
[2]5

·

d1

d

d1

, d123 = d12 −

d12

d1

d12
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Construction of the Asymptotic Category

Hecke algebra H

Hecke category H

Asymptotic Hecke algebra J

Asymptotic Hecke category J



Cells and the Asymptotic Algebra

For a Coxeter system (W ,S) let H(W ) be the Hecke algebra (over Z[v±1]) with
Kazhdan–Lusztig basis {bw | w ∈ W }. The decomposition of the product of the bw ’s
partitions the group W into cells. E.g. type I2(3):
Big blocks are called J-cells, small blocks H-cells. The J-cells are
{1}, {s, t, st, ts}, and {sts}. We have for example:

bsbs = (v + v−1)bs , bsbt = bst , bstbs = bsts + bs

In the asymptotic algebra:

js js = js , js jt = 0, jst jts = js

sts

s ts

st t

1

The asymptotic Hecke algebra is generated by jx for x ∈ W , where we kill all summands
not from the same cell and lowest degree.
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Motivation for the asymptotic Hecke category

To categorify the asymptotic Hecke algebra J, we want to change H into a new category
J such that

Bs ⊗ Bs ≃ Bs(+1)⊕ Bs(−1) becomes Js ⊗ Js ≃ Js .

Problem: The direct sum is not canonical. We can modify p+1 and i−1 in the direct sum
decomposition:

p+1 =
αs
2

, p′+1 = + λαs .

To imitate the construction from the algebra level, we need to relate different graded
summands.
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Relative Hard Lefschetz for Soergel bimodules

For B ∈ SBim, let τ≤iB denote the summands of degree ≤ i . We can project onto them
canonically. The perverse cohomology is defined as H i (B) = (τ≤iB/τ≤i−1B)(−i).

Theorem (Relative Hard Lefschetz, Elias–Williamson ’16)
Let x , y ∈ W be arbitrary and let ρ be dominant regular (∂s(ρ) = 1 for all s). The multiplication map

η : Bx ⊗R By → Bx ⊗R By (2), b ⊗ b′ 7→ b ⊗ ρb′ = bρ⊗ b′

induces isomorphisms (for all i ≥ 0)

ηi : H−i (Bx ⊗R By )
∼−→ H i (Bx ⊗R By ).

For any jz summand of jx jy in a-value k , we can use the Lefschetz operator with the
canonical projection Bx ⊗ By → Bz(−k) and inclusion Bz(+k) → Bx ⊗ By to define a
new monoidal category J .
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Construction of Jc

Let W be a Coxeter group, c ⊆ W a two-sided cell, and a the value of the a-function on
c . Assume ρ is dominant regular. We construct the asymptotic category Jc as follows:
1. H≥c is the category with objects Bz(m) for z ≥ c and m ∈ Z (no monoidal product).
2. I>c is the tensor ideal of all morphisms factoring over objects from bigger cells.
3. H′

c is the quotient Hc/I>c .
4. Jc is the subcategory of H′

c generated by Jx := Bx for x ∈ c with monoidal product

B ⋆ B ′ := H−a(B ⊗ B ′).

For h a diagonal H-cell we also write Jh. This is a fusion category.

14/23 Norwich, January 13, 2026 Liam Rogel, RPTU Idempotents and dimensions in the asymptotic Hecke category



A trivial asymptotic category

Consider type A1, so the group W = ⟨s | s2 = 1⟩. Then c = h = {s} is a J/H-cell.
We have Js ⊗ Js ≃ Js :

s s

s

s

ρ = s

The associator is trivial:

s s s

s

s

=

sss

s

s

This is a fusion category with only one object. Hence the asymptotic category is Jc ≃ Vec.
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A non-trivial asymptotic category

Consider type A2 = I2(3) with cell c = {s, t, ts, st}.
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A non-trivial asymptotic category

Consider type A2 = I2(3) with cell c = {s, t, ts, st}.

The element sts lies in a higher cell, hence the following map is zero in the quotient:

0 = sts = + ∈ Jc .
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A non-trivial asymptotic category

Consider type A2 = I2(3) with cell c = {s, t, ts, st}.

The element sts lies in a higher cell, hence the following map is zero in the quotient:

0 = sts = + ∈ Jc .

Specifically, composing with startdot and enddot on opposite sides yields:

0 = sts = + ∈ Jc .
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A non-trivial asymptotic category

Consider type A2 = I2(3) with cell c = {s, t, ts, st}.

= − ∈ Jc
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A non-trivial asymptotic category

Consider type A2 = I2(3) with cell c = {s, t, ts, st}.

= − ∈ Jc

We can use this relation to show that there is a non-trivial 6j-symbol:

sttsst

s

st

=

sttsst

st

= −
st ts st

st

= −
st ts st

t

st
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Dimensions in the asymptotic Category

x

d x

x

ρa
245324 423542

24

ρ2

24



Dimension of objects

Let C be a k-linear fusion category with pivotal structure, i.e. a collection of isomorphisms
aX : X

∼−→ X ∗∗ natural in X with aX⊗Y = aX ⊗ aY . For X ∈ C a dual is an object X ∗ if
there are maps coevX : k → X ⊗ X ∗ and evX : X ∗ ⊗ X → k written

coevX =
X X ∗

, evX =

X ∗ X

, such that:

X

X

=

X

X

,

X ∗

X ∗

=

X ∗

X ∗

.

For a morphism f : X → X we define the trace as tr(f ) ∈ k and the dimension as
dim(X ) = trace(idX ):

tr(f ) id1 =
f
a

X

X ∗∗

X ∗
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Dimensions in the asymptotic Category

Let h = {x0 = d , x1, . . . , xn} be an H-cell of a-value k . We want to compute the
dimensions of the objects in Jh.

For x ∈ h we denote a degree −k map including Bd into
Bx ⊗ Bx∗ by inclx .

Theorem
Fix a dominant regular element ρ and x ∈ h. Fix inclx : Bd → Bx ⊗ Bx∗ of degree −k. Then λx and µx

(defined by the diagrams below) are nonzero if and only if inclx /∈ Ic , in which case the ratio µx/λx is
independent of ρ and equals the categorical dimension of Jx in Jc .

d x

x

x

ρk = λx · x , x x∗

d

d

ρk = µx · d

18/23 Norwich, January 13, 2026 Liam Rogel, RPTU Idempotents and dimensions in the asymptotic Hecke category



Dimensions in the asymptotic Category

Let h = {x0 = d , x1, . . . , xn} be an H-cell of a-value k . We want to compute the
dimensions of the objects in Jh. For x ∈ h we denote a degree −k map including Bd into
Bx ⊗ Bx∗ by

inclx =
x x∗

d

.

inclx .
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Example: Type A1

Consider the cell h = {s} of a-value 1 in type A1.
We choose ρ = αs

2 and compute:

s s

s

s

ρ = s

Therefore, the dimension of Js in Jh is 1.
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Example: Type I2(5)

Consider the cell h = {s, sts} of a-value 1 in type I2(5). We have j2sts = js + jsts . We
choose ρ = αs

2 + αt
2 and compute:

s sts

sts

sts

ρ = ∂s(ρ) sts , sts sts

s

s

ρ = sts

s

s

ρ =

s

s

ρ +
1
[2]

s

s

ρ = ∂s(ρ)[3] s

Therefore, the dimension of Jsts in Jh is [3] = 1+
√

5
2 .
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Example: Type Fn

Consider the cell h = {d = 24, x = 243524} of a-value 2 in type Fn for n ≥ 5. The
dimension of Ax is again 1:

24 24

24

24

ρ2 = 2 · 24 similar: d x

x

x

ρa = 2 · 243524

245324 423542

24

ρ2

24

= 2 · 24
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Example: Type H3

Consider the cell h = {d = 232, x = 232123} of a-value 3 in type H3. We can choose
ρ = 9φ+6

2 α1 + (5φ+ 4)α2 +
5φ+5

2 α3 and the dimension of Jx is also 1:

d d

d

d

ρ3 = d d

d

d

ρ3 = d

d

d

ρ3 = 6 · d , x x∗

d

d

ρ3 = x
d d

x∗

d

d d

d

ρ3 = 6 · d
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One step in the example of type H3

d123 f1,1

d12

d12
f2,2

d1

d1
f3,2

d1

d1

d1
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