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Diagrammatic Hecke Category

Fix a Coxeter system (W, S) and set R :=R[a; | i € S], with i.aj = aj — 2cos(m/mj;) a; and 9;(f) == f;i'f.

i

1/12 RPTU



Diagrammatic Hecke Category

Fix a Coxeter system (W, S) and set R :=R[o; | i € S], with i.aj == aj — 2cos(n/mj;) o and 9;(f) = —f;';_'f.

> Objects: words in S as coloured marks on a line: 121321 — H1)- 2)- (- -3)- 2)- (-

1/12 RPTU



Diagrammatic Hecke Category

Fix a Coxeter system (W, S) and set R :=R[o; | i € S], with i.aj == aj — 2cos(n/mj;) o and 9;(f) = %

> Objects: words in S as coloured marks on a line: 121321 — H1)- 2)- (- -3)- 2)- (-

> Generating morphisms: (R, R)-linearly generated by

112 RPTU



Diagrammatic Hecke Category

Fix a Coxeter system (W, S) and set R :=R[o; | i € S], with i.aj == aj — 2cos(n/mj;) o and 9;(f) =

> Objects: words in S as coloured marks on a line: 121321 — H1)- 2)- (- -3)- 2)- (-
> Generating morphisms: (R, R)-linearly generated by

f—i.f
o

1.f+ 01 f)

1/12 RPTU



Diagrammatic Hecke Category

Fix a Coxeter system (W, S) and set R :=R[o; | i € S], with i.aj == aj — 2cos(n/mj;) o and 9;(f) =

> Generating morphisms: (R, R)-linearly generated by

f—i.f
o

112 RPTU



Diagrammatic Hecke Category

i.f

Fix a Coxeter system (W, S) and set R :=R[o; | i € S], with i.aj == aj — 2cos(n/mj;) o and 9;(f) = f_a'_

> Relations, one colour: Frobenius unit, Frobenius associativity, needle, barbell and fusion:

R N -@O- -Q)- ,@,,
=0, =o1, f = 1.f+  Ou(f)
R S

RPTU
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A basis: double leaves

The Hom space Homy, ;¢ (x, y) between words x and y has, as a left R-module, a basis given by the double leaves
DL(x, e | y, f), indexed by the subexpressions e, f with x® = y’. There is an inductive algorithm: at step i it depends on

q ey q @ r
whether the expression x. 1"::;1 is longer or shorter than x11',:‘, and on the value of ej;;.
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A basis: double leaves

The Hom space HomHBS (x, y) between words x and y has, as a left R-module, a basis given by the double leaves
DL(x, e | y, f), indexed by the subexpressions e, f with x® = y’. There is an inductive algorithm: at step i it depends on

q ey, q @ r
whether the expression x. 1"::;1 is longer or shorter than x11',:‘, and on the value of ej;;.

DL(x, e | y, f) = LL(y, f) o LL(x; )
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Diagrammatic morphisms are planar graphs
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Diagrammatic morphisms are planar graphs

> Letw = (i1,...,in) be a word in W. We define the circular words
via the relation

(i, oo oyin) ~ (2, yin, 1)
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Diagrammatic morphisms are planar graphs

> Letw = (i1,...,in) be a word in W. We define the circular words
via the relation

(i, oo oyin) ~ (2, yin, 1)

circular > Any morphism w — x can alternatively be read as a rewriting
move on a subword of a circular word, e.g. 12 — 2121 (braid) or
1 — 11 (trivalent). If we have a path from a circular word to the
empty word, it is a valid morphism in Hpgs.
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Diagrammatic morphisms are planar graphs

> Letw = (i1,...,in) be a word in W. We define the circular words
via the relation

(i17' . w”n) ~ (’.27 .. w”m"l)‘
circular > Any morphism w — x can alternatively be read as a rewriting
— move on a subword of a circular word, e.g. 12 — 2121 (braid) or

1 — 11 (trivalent). If we have a path from a circular word to the
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> Any morphism in Hpgs can be written as a planar graph generated
by the nine generators below, whose leaves are a circular word w.
Furthermore any region can contain an element of R.
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Diagrammatic morphisms are planar graphs

> Letw = (i1,...,in) be a word in W. We define the circular words
via the relation

(i17' . ~7”n) ~ (”27 .. ‘7in7"1)'
circular > Any morphism w — x can alternatively be read as a rewriting
— move on a subword of a circular word, e.g. 12 — 2121 (braid) or

1 — 11 (trivalent). If we have a path from a circular word to the
empty word, it is a valid morphism in Hpgs.

> Any morphism in Hpgs can be written as a planar graph generated
by the nine generators below, whose leaves are a circular word w.
Furthermore any region can contain an element of R.

0O O o0 }—0

1-dot, 2-dot, 3-dot, 1-triv., 2-triv., 3-triv., 12-braid, 13-braid, 23-braid.
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Do we get a normal form?

Idea. Give every relation a direction: = ~» =>. Use naive moves to make the diagram simpler.
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Do we get a normal form?

Idea. Give every relation a direction: = ~» =>. Use naive moves to make the diagram simpler.
fusion: the polynomial moves towards the marking o a1 = e@-u1 + @ 2
dots: we pull dots through = @ + P
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Do we get a normal form?

Idea. Give every relation a direction: = ~» =>. Use naive moves to make the diagram simpler.

fusion: the polynomial moves towards the marking

dots: we pull dots through

two-colour associativity
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Do we get a normal form?

Idea. Give every relation a direction: = ~» =>. Use naive moves to make the diagram simpler.
fusion: the polynomial moves towards the marking 1 = @- (11

dots: we pull dots through %@

(L
QO

two-colour associativity " D =

O

) U

Question. Just keep simplifying: do we land in a normal form?
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Do we get a normal form?

Idea. Give every relation a direction: = ~» =>. Use naive moves to make the diagram simpler.

fusion: the polynomial moves towards the marking

dots: we pull dots through

two-colour associativity

Question. Just keep simplifying: do we land in a normal form? Answer. NO, STILL VERY FAR AWAY.
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Problems and solutions

Problem 1: Frobenius associativity on 2222,
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Problems and solutions

Problem 1: Frobenius associativity on 2222,

We introduce a general 2-node with an arbitrary number of
2-arms (> 3).
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Problems and solutions

Problem 1: Frobenius associativity on 2222,

We introduce a general 2-node with an arbitrary number of
2-arms (> 3).

One needs to define generalizations of the rules, i.e. a general

dot and needle relation:
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Problems and solutions

Problem 2: We may not see needles.

two-colour associativity on 13 is all we have:
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Problems and solutions

Problem 2: We may not see needles.

We introduce the general 13-node with an arbitrary number of arms of
each colour (at least 3 in total, at least 2 per colour).

As an exercise for the bored listener: write down the dot and merge
rules for the general 13-node.
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Problems and solutions

Problem 3: The order of the moves matter.
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The general 12-node

We define the general 12-node (and similarly the 23-node) with 2k arms as follows.
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The general 12-node

We define the general 12-node (and similarly the 23-node) with 2k arms as follows.

- %

o/12 RPTU



The general 12-node

We define the general 12-node (and similarly the 23-node) with 2k arms as follows.

Exercise: Write down how the following diagrams simplify.
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Parallel edges and 3-dot relation

1. Parallel edges are not always double leaves.
We have a double leaf

o o idy; =
DL(11,11]11,11) = .,

o—0
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Parallel edges and 3-dot relation

1. Parallel edges are not always double leaves.
We have a double leaf

L]

o—o0

DL(11,11 | 11,11) = ,
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Parallel edges and 3-dot relation

1. Parallel edges are not always double leaves.
We have a double leaf

R ED DS
T U X

= DI(11,10 | 11,01) 4+ DL(11,01 | 11,10) — a3 DL(11, 10 | 11, 10).

DL(11,11 | 11,11) = ,
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Parallel edges and 3-dot relation

1. Parallel edges are not always double leaves.
We have a double leaf

. P
iday — I I - X + ><
DL(11,11 | 11,11) = : ?
]
- /{ . ‘\< p—y j:
¢

11,01 | 11,10) — oy DL(11, 10 | 11, 10).

o—o0

= DI(11,10 | 11,01) + DL

There is a generalized rule which parallel edges are allowed where in the diagram, and how to simplify them.

—~
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Parallel edges and 3-dot relation

1. Parallel edges are not always double leaves.
We have a double leaf

. P
S R D"
DL(11,11|11,11) = P
Q
X
¢

11,01 | 11,10) — oy DL(11, 10 | 11, 10).

o—o0

= DI(11,10 | 11,01) + DL

There is a generalized rule which parallel edges are allowed where in the diagram, and how to simplify them.

—~

2. Not every simple diagram is a double leaf.
We have a double leaf

DL(11,01 |1,1) = \
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Parallel edges and 3-dot relation

1. Parallel edges are not always double leaves.
We have a double leaf

. P
iday — I I - X + ><
DL(11,11 | 11,11) = 5 ?
]
_ /{ n ‘\< " j:
¢

11,01 | 11,10) — oy DL(11, 10 | 11, 10).

o—o0

= DI(11,10 | 11,01) + DL

There is a generalized rule which parallel edges are allowed where in the diagram, and how to simplify them.

—~

2. Not every simple diagram is a double leaf.

We have a double leaf However the vertical flip is not:

DL(11,01 | 1,1) = .\ | — = 0\0 + f\ — a1 .
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Parallel edges and 3-dot relation

1. Parallel edges are not always double leaves.
We have a double leaf

. P
iday — I I - X + ><
DL(11,11 | 11,11) = : ?

= DI(11,10 | 11,01) 4+ DL(11,01 | 11,10) — oy DL(11, 10 | 11, 10).

There is a generalized rule which parallel edges are allowed where in the diagram, and how to simplify them.

2. Not every simple diagram is a double leaf.

We have a double leaf However the vertical flip is not:

DL(11,01|1,1) = - . ‘*o = . - + .\ ‘ — Q1 . '
(11,01 1,1) :[\ }\o -

This is what we call the 3-dot relation. And we also have a general condition on what dots can see, and how to simplify.
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Circular leaves

A circular leaf for a word w is a planar diagram with leaf word w, consisting of general 2-, 12-, 13- and 23-nodes,
which cannot be simplified any further, using the rules described before, and on which the general 3-dot condition,
the general parallel condition and the general Zamolodchikov condition hold.
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Circular leaves

A circular leaf for a word w is a planar diagram with leaf word w, consisting of general 2-, 12-, 13- and 23-nodes,
which cannot be simplified any further, using the rules described before, and on which the general 3-dot condition,
the general parallel condition and the general Zamolodchikov condition hold.

In particular we have:
1. there are no polynomials inside;
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which cannot be simplified any further, using the rules described before, and on which the general 3-dot condition,
the general parallel condition and the general Zamolodchikov condition hold.

In particular we have:
1. there are no polynomials inside;

2. peeling off a node can never increase the length of the leaf word,;
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In particular we have:
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3. dots can only be connected to leaves;

4. a dot never looks at an edge of the same colour if the region across is closer to the black marking;
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Circular leaves

A circular leaf for a word w is a planar diagram with leaf word w, consisting of general 2-, 12-, 13- and 23-nodes,

which cannot be simplified any further, using the rules described before, and on which the general 3-dot condition,
the general parallel condition and the general Zamolodchikov condition hold.

In particular we have:

1. there are no polynomials inside;

2. peeling off a node can never increase the length of the leaf word,;

3. dots can only be connected to leaves;
4. a dot never looks at an edge of the same colour if the region across is closer to the black marking;
5

. if we have two parallel edges of the same colour, the region closest to the black marking is in the middle;
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Circular leaves

A circular leaf for a word w is a planar diagram with leaf word w, consisting of general 2-, 12-, 13- and 23-nodes,
which cannot be simplified any further, using the rules described before, and on which the general 3-dot condition,
the general parallel condition and the general Zamolodchikov condition hold.

In particular we have:

1. there are no polynomials inside;

2. peeling off a node can never increase the length of the leaf word,;

3. dots can only be connected to leaves;
4. a dot never looks at an edge of the same colour if the region across is closer to the black marking;
5. if we have two parallel edges of the same colour, the region closest to the black marking is in the middle;
6. there are no Zamolodchikov subgraphs.
8/12
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Two conjectures

I. (Confluence.) The simplifying moves from the previous slides are enough to simplify any morphism into a linear
combination of circular leaves.
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Two conjectures

I. (Confluence.) The simplifying moves from the previous slides are enough to simplify any morphism into a linear
combination of circular leaves.

Il. (Double leaves <*2; circular leaves.) Let w = (e, ..., e) be a word in W, and write w/ = (e1,...,¢e) and
W) = (€k,€k—1,---,€+1). Then the number and the degrees of the circular leaves CL(w) are the same as those
of the double leaves DIL(w/ | W;). Furthermore the decomposition matrix of double leaves into circular leaves is
triangular, so there is a 1:1 correspondence between double leaves and circular leaves.
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Example x = y = 212, degree 0:
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Two conjectures

I. (Confluence.) The simplifying moves from the previous slides are enough to simplify any morphism into a linear
combination of circular leaves.

Il. (Double leaves <*2; circular leaves.) Let w = (e, ..., e) be a word in W, and write w/ = (e1,...,¢e) and
W) = (€k, €k—1,---,€+1)- Then the number and the degrees of the circular leaves CL(w) are the same as those
of the double leaves DIL(w/ | W;). Furthermore the decomposition matrix of double leaves into circular leaves is
triangular, so there is a 1:1 correspondence between double leaves and circular leaves.

Example x = y = 212, degree 0:

DL(212,111 | 212, 111) =
CL(212212, 111111) 4+ CL(212212, 100001): one double leaf, two

circular leaves
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Two conjectures

I. (Confluence.) The simplifying moves from the previous slides are enough to simplify any morphism into a linear
combination of circular leaves.

Il. (Double leaves <*2; circular leaves.) Let w = (e, ..., e) be a word in W, and write w/ = (e1,...,¢e) and
W) = (€k, €k—1,---,€+1)- Then the number and the degrees of the circular leaves CL(w) are the same as those
of the double leaves DIL(w/ | W;). Furthermore the decomposition matrix of double leaves into circular leaves is
triangular, so there is a 1:1 correspondence between double leaves and circular leaves.

Example x = y = 212, degree 0:

DL(212,111 | 212, 111) =
CL(212212, 111111) 4+ CL(212212, 100001): one double leaf, two

circular leaves

|CL(111111) CL(100001)
DL(212, 111 | 212, 111) 1 1
DL(212, 100 | 212, 100) 0 1

RPTU
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Zamolodchikov

The longest word in type Az, wo = 121321, has 16 different reduced expressions.

121321

212321

213231

123121

123212

132312

|\ _

213213 231231 312312

132132

|~ N |

231213

232123

323123

10/12

312132

321232

321323
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Zamolodchikov

The longest word in type Az, wo = 121321, has 16 different reduced expressions.
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[y

N

w

o

(o2}

~

:121321

:212321

:213231

1213213

1231213

:232123

:323123

14:123121

13:123212

12:132312

11:132132

10:312132

9:321232
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Zamolodchikov

The longest word in type Az, wo = 121321, has 16 different reduced expressions.

10/12

1:121321

2:212321

3:213231

4:213213

5:231213

6:232123

7:323123

14:123121

13:123212

12:132312

11:132132

10:312132

9:321232

8:321323

The ordinary Zamolodchikov relation Zamo(1,8) = Zamo(8,1):
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The Zamo(2,9) variant

Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):
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Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):

11/12 RPTU



The Zamo(2,9) variant
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The Zamo(2,9) variant

Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):

needle — 0
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The Zamo(2,9) variant

Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):
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The Zamo(2,9) variant

Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):

double connection

11/12 RPTU



The Zamo(2,9) variant

Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):

Zamo(2,9) + CL(212...123, 100110010011)
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The Zamo(2,9) variant

Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):

Zamo(2,9) + CL(212...123, 100110010011)

Zamo(2, 9) + CL(212321232123, 111000001110) = Zamo(9, 2) + CL(212321232123, 100110010011)
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The Zamo(2,9) variant

Zamo(8,9) o Zamo(1, 8) o Zamo(1, 2):

Zamo(2,9) + CL(212...123, 100110010011)

Zamo(2,9) + CL(212321232123, 111000001110) = Zamo(9, 2) + CL(212321232123, 100110010011)
One can extend this to Zamolodchikov regions of size > 7, i.e. tilings with the 123-triangle plus certain conditions.
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Zamolodchikov relation in type A;/H;

1. The ansatz. At the pair

(121321, 321323) there are
exactly two circular leaves of
degree < 0.
L]

Zamo(1, 8) — A\j Zamo(8, 1) = A CL(121321 323123, 100100 000101)
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Zamolodchikov relation in type A;/H;

1. The ansatz. At the pair

(121321, 321323) there are
exactly two circular leaves of
degree < 0.
L] L]

Zamo(1, 8) — A\q Zamo(8, 1) = = Ap CL(121321 323123, 100100 000101)

2. Step 1. Glue Zamo(8,9) to

the top and Zamo(1, 2) to the
bottom to get an equivalent A
equation. ¢ - T M

CL(212321 232123, 100110 010011) and CL(212321 232123, 111000 001110)
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Zamolodchikov relation in type A;/H;

1. The ansatz. At the pair

(121321, 321323) there are
exactly two circular leaves of
degree < 0.
L] L]

Zamo(1, 8) — A\jZamo(8, Zamo(8, 1) = Ao CL(121321 323123, 100100 000101)

2. Step 1. Glue Zamo(8,9) to

the top and Zamo(1, 2) to the
bottom to get an equivalent
equation. ®

1(212321 232123, 100110 010011) and CIL(212321 232123, 111000 001110)

3. Seven steps. Continue for

seven steps to get the following. § g
_Al . g. + 3 .
]
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Zamolodchikov relation in type A;/H;

\ /.

Zamo(1, 32) = >$ ;é & = Zamo(32,1)
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https://github.com/rogeliam/DiagrammaticHecke.jl

Zamolodchikov relation in type A;/H;

Zamo(1, 32) = = Zamo(32,1)

And in H3? We hope to achieve the same. Here Zamo(1,32) — A\1Zamo(32, 1) is a linear system in many diagrams: for
x = 121213212132123 and y = x~* = 321231212312121 we have

rkHomay o (x,y) = v ° +34v 7% + 578 v ™% + 6644 v~ 2 + 71160v° + .. ..
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https://github.com/rogeliam/DiagrammaticHecke.jl

Zamolodchikov relation in type A;/H;

Zamo(1, 32) = = Zamo(32,1)

And in H3? We hope to achieve the same. Here Zamo(1,32) — A\1Zamo(32, 1) is a linear system in many diagrams: for
x = 121213212132123 and y = x~* = 321231212312121 we have

rk Homayp (%, y) = v % +34v™°% +578v % + 6644 v 2 + 71160 v° + . . ..

The software package and a paper on circular leaves should appear soon; the sooner, the faster somebody might offer me a nice
postdoc position (October 2026 seems to be a good month to start something new).

https://github.com/rogeliam/DiagrammaticHecke. j1

12/12 RPTU


https://github.com/rogeliam/DiagrammaticHecke.jl

Big example from the title slide
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Big example from the title slide

= 1. the Zamolodchikov relation
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Big example from the title slide

= 2. Elias—Jones—Wenzl
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Big example from the title slide

= 3. 13-dot
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Big example from the title slide
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= 5. 12-dot into braid
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Big example from the title slide
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Big example from the title slide

= 7. 3-merge
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Big example from the title slide

8

= 8. braid-associativity
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Big example from the title slide

8
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Big example from the title slide

8

= 10. 13-merge
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Big example from the title slide

= 11. 13-dot
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Big example from the title slide

= 12. 13-dot
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Big example from the title slide

8

= 13. braid-associativity
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Big example from the title slide

= 14. merge into the general node
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Big example from the title slide

= 15. Elias—Jones—Wenzl
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Big example from the title slide

16. 3-merge
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Big example from the title slide

17. 3-merge
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Big example from the title slide

18. 12-dot into braid
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Big example from the title slide

19. 1-merge
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Big example from the title slide

20. 13-merge
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Big example from the title slide

21. 23-dot into braid

13/12 RPTU



Big example from the title slide

22. 13-merge
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Big example from the title slide
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Big example from the title slide
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Big example from the title slide

25. 13-dot
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Big example from the title slide

26. 13-merge
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Big example from the title slide

+ Jr [ ] [ ]
Fe b = CL(110110 100111) CL(110100 001101) CL(111111111111)
@
+ . . +
®
CL(011100 000111) CL(101000 000110) CL(111100 101101)
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